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1. Introduction
Let D be the unit disk in the complex plane C and T = ∂D. A subdomain G of D is called hyperbolically convex (in short
h-convex) if the h-segment between any two points in G also lies in G . An h-convex domain is bounded by a rectiﬁable
Jordan curve of length < π2 [2].
A quasicircle in C is a Jordan curve J for which there exists a positive constant M such that the euclidean diameter
satisﬁes
diam J (a,b) M|a − b| for a,b ∈ J ,
where J (a,b) is the arc of smaller diameter of J between a and b. The inner domain G of this quasicircle J is called
a quasidisk (with constant M). For this and related concepts we use Ref. [3, Chapter 5].
The purpose of this paper is to study the relationship between h-convex domains and quasidisks. In order to do it we
introduce the concept of constricted domain in the hyperbolic geometry of D.
Following the notation of [1] we denote the euclidean boundary of a domain G in D by ∂G and its hyperbolic boundary
by ∂˜G = ∂G ∩ D. We also denote by d the hyperbolic distance in any model of the hyperbolic plane.
A domain G ⊂ D is said to be constricted if there are sequences an and bn of points on ∂˜G , h-discs Dn with h-center zn
and h-radius rn  1, and h-lines Ln such that an and bn are on different sides of Ln , zn ∈ Ln ∩ Dn ⊂ G and
lim
n→∞
d(an, zn)
rn
= lim
n→∞
d(bn, zn)
rn
= 0.
The value of the bound on the sequence rn is unimportant but this sequence must remain bounded. A simple example is
the domain in D bounded by two h-lines which meet at 1.
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This is probably the main result of our paper and is proved in Theorem 9.
It is clear from the deﬁnition of constricted domain that if z0 is a limit point of zn then it will be also a limit point of
the sequences an and bn and therefore z0 ∈ ∂G . In this case we call z0 a pinch of G and say that G is constricted at z0. For
h-convex domains we show in Theorem 3 that pinches can only occur in T and therefore every h-convex domain G with
G ⊂ D is a quasidisk.
We present in Section 4 a classiﬁcation of pinches. The idea behind this classiﬁcation is to distinguish those pinches z0
that are limit points of sequences of points zn which can be chosen to lie on a single h-line. A pinch of this type is
called regular, otherwise we call it irregular. We refer the reader to Section 4 for the technical deﬁnitions of regular and
irregular pinches. An interesting fact is that if an h-convex domain is constricted at a point z0 and is locally contained in
a Stolz angle at z0, then z0 must be a regular pinch. This is the content of Theorem 13. However, this property does not
characterize regular pinches as shown in Example 2 of Section 5. In this section we also show other examples that illustrate
the ideas of this paper.
The proofs of our results are geometric in nature and employ several facts of hyperbolic geometry. We have used
[1, Chapter 7] as a standard reference. In particular we want to mention the hyperbolic laws of sine and cosine for an
h-triangle with sides of h-length a, b and c and opposite angles α, β and γ .
Hyperbolic Sine Law (HSL):
sinha
sinα
= sinhb
sinβ
= sinh c
sinγ
.
Hyperbolic Cosine Law (HCL):
cosh c = cosha coshb − sinha sinhb cosγ .
The following notation will be used throughout the paper. A closed h-segment between any two points z and w in D will
be denoted by 〈z,w〉. We extend this notation to the case where one or both end points are on T. The pseudo-hyperbolic
distance between z and w is
p(z,w) :=
∣∣∣∣ z − w1− wz
∣∣∣∣= tanh
(
1
2
d(z,w)
)
where, as mentioned above, d(z,w) denotes the h-distance between z and w . Both distances remain invariant under the
group Möb(D) of conformal automorphisms of the unit disk. A hyperbolic disk of center a and radius r will be denoted by
Dh(a, r). Finally, we deﬁne a non-standard notation which is often used in the paper. For any three points a,b, c ∈ D not
h-collinear deﬁne B(a,b, c) as the intersection of Ha , Hb , Hc where Ha , Hb and Hc are the h-half planes determined by
〈b, c〉, 〈a, c〉 and 〈a,b〉 respectively, such that a ∈ Ha , b ∈ Hb and c /∈ Hc .
2. General properties of constricted domains
Proposition 1. Suppose that G is an h-convex constricted domain in D. Let an, bn, Dn, rn, zn, Ln be as above. If wn is the point where
Ln meets J (an,bn) and λn is the angle at wn of the h-triangle anwnbn then λn → 0 as n → ∞.
Proof. We ﬁrst notice that the point wn of the statement exists and is unique by h-convexity. Let μn , νn be respectively
the angles at wn of the h-triangles anwnzn and znwnbn . Then λn = μn + νn . We will show that limμn = 0. We only have
to consider the case where wn is in D because if for a particular n the point wn in on T then λn = 0. From HSL (see the
Introduction) we have
sinμn
sinψn
= sinhd(an, zn)
sinhd(wn, zn)
,
where ψn is the angle at an of the h-triangle anwnzn . Since Ln ∩ Dn ⊂ G then wn /∈ Dn . Therefore d(zn,wn) rn and
sinμn 
sinhd(an, zn)
d(an, zn)
d(an, zn)
rn
rn
sinh rn
which tends to zero as n → ∞. Since for large n, d(an, zn) < rn  d(zn,wn), it follows from HCL that cosμn > 0. Hence
μn < π/2 and μn → 0 as n → ∞. Similarly νn → 0 as n → ∞ and therefore limλn = 0. 
Our ﬁrst theorem shows that hyperbolically convex domains cannot be constricted inside the unit disc. The proof makes
use of the following lemma. The reader may consult the notation B(a,b, c) by the end of the Introduction.
Lemma 2. Let G be a hyperbolically convex domain in D, c ∈ G, a,b ∈ ∂G not h-collinear. Suppose that there exists a euclidean disc D
with D ⊂ D such that J (a,b) ⊂ D and c /∈ D. Then J (a,b) ⊂ B(a,b, c).
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the h-closure H˜a = Ha ∩ D. Suppose that z belongs to the interior of D \ Ha . It is clear that J (z,a) ⊂ J (a,b) and therefore
there exists w ∈ J (z,a) ∩ ∂˜Ha . Since b /∈ J (z,a), w 
= b. Obviously w 
= c. If c ∈ G then c, b and w are h-collinear which
is impossible because G is h-convex. Now consider the case c ∈ ∂G . It follows from the h-convexity of G that 〈b,w〉 ⊂ ∂˜G .
Hence z ∈ J (b,w) = 〈b,w〉. This is a contradiction since the h-segment 〈b,w〉 lies in ∂˜Ha . We conclude that z ∈ H˜a . In the
same way we can prove that z ∈ H˜b .
Finally we show that z ∈ H˜c . Suppose that z lies in the interior of D \ Hc . Then z lies in the h-closure of the h-triangle T
with vertices at a, b, c. By the h-convexity of G the interior of T is inside G . Therefore z ∈ 〈a, c〉 or z ∈ 〈b, c〉. Suppose ﬁrst
that z ∈ 〈a, c〉, hence 〈a, c〉 ⊂ ∂G . Since z ∈ J (a,b) ⊂ D we deduce that 〈a, z〉 = J (a, z) and since ∂G is a Jordan curve we
may conclude that 〈a, c〉 ⊂ J (a,b) which gives the contradiction c ∈ D . We reach the same contradiction if we assume that
z ∈ 〈b, c〉. 
Theorem 3. Let G be a hyperbolically convex domain in D. If G is constricted at z0 then z0 ∈ T.
Proof. We argue by contradiction and assume that z0 ∈ D. Since the concepts involved and the conclusion are invariant
under Möb(D) we can assume without loss of generality that 0 ∈ G .
(a) Let an , bn , Dn , zn , rn and Ln be as in the deﬁnition of constricted domain. Since ∂G is a Jordan curve and z0 is a
pinch of G we can select a,b ∈ ∂˜G and a disk D with D ⊂ D such that 0 /∈ D and
z0 ∈ J (a,b) ⊂ D.
We also choose r > 0 such that the hyperbolic discs Dh(a, r), Dh(b, r), Dh(z0, r) are mutually disjoint and contained in D .
Obviously z0 /∈ 〈a,b〉. The h-convexity of G implies that the arc J (a,b) \ {a,b} is contained in the open h-half plane H
determined by 〈a,b〉 with z0 ∈ H .
The continuity of the function
f (w) = coshd(a,w) coshd(b,w) − coshd(a,b)
sinhd(a,w) sinhd(b,w)
, w ∈ D \ {a,b},
modeled from HCL shows that there is w ′ in the compact set
G0 := (D ∩ ∂G) \
(
Dh(a, r) ∪ Dh(b, r)
)
for which f (w) f (w ′) for all w ∈ G0.
(b) We may suppose that J (an,bn) ⊂ Dh(z0, r) ∩ J (a,b) for all n. Let θ0 be the angle at w ′ of the h-triangle aw ′b. By
HCL we have cos θ0 = f (w ′) and 0 < θ0 < π since w ′ ∈ D. Let us ﬁx n and z ∈ J (an,bn) \ {an,bn}. If γ is the angle at z of
the h-triangle azb we have
cosγ = f (z) f (w ′)= cos θ0,
hence γ  θ0.
Without loss of generality we may suppose that an ∈ J (a, z) and therefore bn ∈ J (b, z). We will show ﬁrst that the angle
θ at z of the h-triangle anzbn is greater or equal than γ . Let γ1, γ2, θ1 and θ2 be the angles at z of the h-triangles az0, bz0,
anz0 and bnz0. By the previous lemma J (a, z) ⊂ B(a, z,0), hence an is not in the h-triangle az0 therefore θ1  γ1. Similarly
θ2  γ2. Also by h-convexity of G , θ1 + θ2 = θ and γ1 + γ2 = γ . Hence it follows that θ  γ .
(c) Now we consider the e-triangle anzbn with angles ψ1, ψ2, ψ3 at an , z, bn respectively. Since 0 ∈ G and G is h-convex
we deduce that ψ2  θ . Now,
|z − bn|
|an − bn| =
sinψ1
sinψ2
 1
sinψ2
,
hence |z − bn| M|an − bn| where M = 1sin θ0 . Similarly |z − an| M|an − bn|. For large n
αn := |an − bn||1− anbn| <
1
4M
and if wn is the point where Ln meets J (an,bn) we obtain
|wn − bn| < (1/4)|1− anbn|
and
|1− anwn| |1− anbn| −
∣∣an(bn − wn)∣∣ 3
4
|1− anbn|,
thus
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Set c = 8M . Since the function
σ(t) =
(
1+ t
1− t
)c
− 1+ 2Mt
1− 2Mt , 0 t < 2/c,
is strictly increasing, we have σ(t) σ(0) = 0. Therefore
d(wn,an) = log 1+ βn
1− βn  log
1+ 2Mαn
1− 2Mαn  log
(
1+ αn
1− αn
)c
= cd(an,bn) c
(
d(an, zn) + d(bn, zn)
)
.
Since wn /∈ Dn we have rn  d(wn, zn) and hence
1 (c + 1)d(an, zn)
rn
+ c d(bn, zn)
rn
→ 0
as n → ∞, which is impossible. 
3. Constricted domains and quasidisks
Our second theorem shows that quasidisks in D cannot be constricted domains. First we prove the following lemma. We
denote J := ∂G .
Lemma 4. Let G ⊂ D be a quasidisk with constant M and let a,b ∈ ∂˜G = ∂G ∩ D, a 
= b be such that p(a,b) < 1/(2M). If Dh(a, r) is
the h-disk of center a and radius r then
J (a,b) ⊂ Dh
(
a, log
1
1− 2Mp(a,b)
)
.
Proof. Since G is a quasidisk we have for w ∈ J (a,b)
|a||b − w| < diam J (a,b) M|a − b| = Mp(a,b)|1− ab|.
It follows that
|1− aw| |1− ab| − |a||b − w|
> |1− ab|(1− Mp(a,b)).
Hence
p(a,w) <
|a − w|
|1− ab|(1− Mp(a,b))
 diam J (a,b)|1− ab|(1− Mp(a,b)) 
Mp(a,b)
1− Mp(a,b) .
The result follows from this inequality since the last quotient is strictly less than 1. 
Theorem 5. If G is a constricted domain in D then G is not a quasidisk.
Proof. Let G be any constricted domain in D. Let an , bn , Dn , zn , rn , Ln be as in the deﬁnition of constricted domain and
suppose that G is a quasidisk with constant M . Then limn→∞ pn = 0, where pn := p(an,bn). Since an and bn lie on different
sides of Ln , by Lemma 4, for n large enough there exists wn ∈ Ln ∩ J (an,bn) such that
d(wn,an) < log
1
1− 2Mpn < log
1+ 2Mpn
1− 2Mpn .
As in the proof of Theorem 3, part (c),
log
1+ 2Mpn
1− 2Mpn < 8M log
1+ pn
1− pn
and therefore
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This inequality and the fact that wn /∈ Dn give
rn  d(wn, zn) < 8Md(an,bn) + d(an, zn)
 (8M + 1)d(an, zn) + 8Md(bn, zn),
which leads to a contradiction dividing by rn and letting n → ∞. 
The main result of this paper is Theorem 9, a converse of Theorem 5 for h-convex domains. The proof requires some
preparation.
Proposition 6. Let G be an h-convex domain in D. Suppose that there exist a geodesic L and sequences {an}, {bn} on ∂˜G with an and
bn lying on different sides of L such that limn→∞ d(an,bn) = 0 and limn→∞ an = limn→∞ bn = ζ ∈ T. Then G is constricted at ζ .
Proof. Without loss of generality we may assume that L = (−1,1), ζ = 1 and 0 ∈ G . Let zn be the point of intersection
between L and 〈an,bn〉. Set Ln = L, rn = 1 and Dn = Dh(zn,1) for all n. The hypothesis on the sequences imply that zn → 1.
Therefore d(0, zn) → ∞ and we may assume that d(0, zn) 1. It follows that Dn ∩ L ⊂ 〈0, zn〉 ∪ 〈zn,1〉 ⊂ G by h-convexity.
So G is constricted at 1. 
Lemma 7. Let G be an h-convex domain in D. If G is not a quasidisk then there exist z0 ∈ T and sequences {an}, {bn} on ∂G such that
limn→∞ an = limn→∞ bn = z0 with diam J (an,bn) > n|an − bn|.
Proof. By hypothesis for each n there are an,bn ∈ ∂G such that
diam J (an,bn) > n|an − bn|.
We may assume that {an} and {bn} converge to a0 and b0 respectively. Now,
|an − bn| < 1
n
diam J (an,bn)
2
n
.
Therefore a0 = b0 =: z0. It remains to show that z0 ∈ T. Suppose that z0 ∈ D. Since quasidisks in D are preserved by
automorphisms of the unit disk we may assume that 0 ∈ G and we can proceed as in the proof of Theorem 3 to deduce the
existence of M > 1 such that for n large enough and for z ∈ J (an,bn),
|z − bn| M|an − bn|.
Now, let z1, z2 ∈ J (an,bn) be such that |z1 − z2| = diam J (an,bn). Then
n|an − bn| < |z1 − z2| 2M|an − bn|
which is clearly impossible. 
Lemma 8. Let G be an h-convex domain with 0 ∈ G. If a,b ∈ ∂G are such that a ∈ T and |a − b| < 1/4 then diam J (a,b) < 4|a − b|.
Proof. The hypothesis on the distance between a and b implies that J (a,b) ⊂ B(a,b,0), and we can see that the perimeter
of B(a,b,0) is less or equal than (1+ π + π2/4)|a − b|. 
Theorem 9. Let G be an h-convex domain in D. If G is not a quasidisk then G is a constricted domain.
Proof. Suppose that G is not a quasidisk. Without loss of generality we may assume 0 ∈ G . Let z0, an , bn be given by
Lemma 7. By rotating G if necessary we may take z0 = 1. Set
J+ := ∂G ∩ {z ∈ C: Re z > 0, Im z > 0}
and
J− := ∂G ∩ {z ∈ C: Re z > 0, Im z < 0}.
Further, we may only consider two cases: in the ﬁrst one, an ∈ J+ and bn ∈ J− for all n and in the second, both an and bn
are on J+ .
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diam J (an,bn) 16|an − 1| (1)
for large n. The h-convexity of G implies that J (an,1) ⊂ B(an,1,0). If an ∈ T it follows that diam B(an,1,0) = |an − 1|. If
an ∈ D, we have
diam B(an,1,0) |an − 1| +
(
1− |an|
)+ ∣∣∣∣ an|an| − 1
∣∣∣∣ 4|an − 1|.
Similarly diam J (bn,1) 4|bn − 1|. Therefore
diam J (an,bn) 8max
{|an − 1|, |bn − 1|}.
If this maximum is |bn − 1| we have by Lemma 7
|bn − 1| < 1
n
diam J (an,bn) + |an − 1| 8
n
|bn − 1| + |an − 1|
which gives
|bn − 1| < n
n − 8 |an − 1| < 2|an − 1|
for n > 16. This proves (1).
Next we show that the angle between the euclidean segments [an,1] and [0,1] approaches cero as n tends to inﬁnity.
Call αn such angle. Let Sn be the h-line through an and 1 and Cn be the half euclidean circle that contains Sn with 1 as an
end point. Write a′n as the intersection between T and Cn . We see that
|an − 1| diam B
(
a′n,1,0
)= ∣∣a′n − 1∣∣ diamCn
= |an − 1|
sinαn
= Iman
sin2 αn
 Im(an − bn)
sin2 αn
 |an − bn|
sin2 αn
since Imbn < 0. This inequality together with (1) gives for large n
sin2 αn 
16|an − bn|
diam J (an,bn)
<
16
n
by Lemma 7. It follows that αn → 0 as n → ∞ and therefore an ∈ D for large n. Similarly bn ∈ D for large n.
We notice that lim(1 − |an|)/|an − 1| = 1 as n → ∞. Therefore |1 − an| < 2(1 − |an|) for large n and the following
inequalities hold
|an − bn| < 1
n
diam J (an,bn) <
16
n
|an − 1|
and
|1− anbn|
∣∣1− |an|2∣∣− ∣∣an(an − bn)∣∣ |an − 1|(1
2
− 16
n
)
.
Therefore
|an − bn|
|1− anbn| <
16
n
1
2 − 16n
→ 0
as n → ∞. Thus d(an,bn) → 0 as n → ∞. It follows from Proposition 6 that G is constricted at 1.
(b) Case an,bn ∈ J+ . By Lemmas 7 and 8 we may assume that an and bn lie in D for all n. We show ﬁrst that
d(an,bn) → 0. The h-convexity of G gives that J (an,bn) ⊂ B(an,bn,0) and according to Lemma 7,
n|an − bn| < diam J (an,bn) diam B(an,bn,0) 2
(
2− |an| − |bn| + |an − bn|
)
.
Suppose that |an| |bn| (similarly if |an| |bn|). Therefore
1− |bn| 1
2
(
n
2
− 1
)
|an − bn|.
Since for large n, |bn| > 1/2 it follows that
|1− bnan| > |an|
(
1− |bn|2
)− |an − bn| > |an − bn|[3(n − 1)− 1].
8 2
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pn := p(an,bn) <
(
3n
16
− 11
8
)−1
→ 0
as n → ∞ which means
lim
n→∞d(an,bn) = 0. (2)
Now let wn be a point on J (an,bn) that maximizes the euclidean distance from an and let Ln be the h-line through 0
and wn . Since J (an,bn) ⊂ B(an,bn,0), the points an and bn are on different sides of Ln so that Ln and 〈an,bn〉 meet at a
point zn . Next we show that
lim
n→∞
d(an,bn)
d(an,wn)
= 0. (3)
Write qn := p(an,wn). If limsupqn > 0, we may assume (through a subsequence) that qn > ε > 0 for all n. Then d(an,wn)
d(0, ε) and therefore
d(an,bn)
d(an,wn)
 d(an,bn)
d(0, ε)
→ 0.
Now suppose that limqn = 0. Since
|1− anwn| |1− anbn| + |an − bn| + |an − wn|
and (by Lemma 7)
n|an − bn| 2|an − wn|,
it follows
pn
qn
 |an − bn||an − wn| + pn
(
2
n
+ 1
)
 2
n
+ pn
(
2
n
+ 1
)
→ 0
as n → ∞. But as n → ∞,
d(an,bn)
d(an,wn)
= pn
qn
[ log 1+pn1−pn
pn
÷ log
1+qn
1−qn
qn
]
→ 0.
This ends the proof of (3). We deduce from (3) that
d(wn, zn)
d(an,bn)
 d(an,wn)
d(an,bn)
− 1 → ∞,
hence
lim
n→∞
d(an,bn)
d(zn,wn)
= 0.
This limit and the fact that zn ∈ 〈an,bn〉 give
lim
n→∞
d(an, zn)
d(zn,wn)
= lim
n→∞
d(bn, zn)
d(zn,wn)
= 0. (4)
Finally we deﬁne rn as the minimum value between 1 and d(zn,wn) and prove that with Dn = Dh(zn, rn) the domain G
is constricted at 1. It is clear from (2) and (4) that
lim
n→∞
d(an, zn)
rn
= lim
n→∞
d(an, zn)
rn
= 0.
It remains to show that Dn ∩ Ln ⊂ G . Since both an and bn tend to 1 then zn also approaches 1 and d(0, zn) approaches
inﬁnity and therefore for large n
d(0, zn) > 1 rn
and by h-convexity
Dn ∩ Ln ⊂ 〈zn,0〉 ∪ 〈zn,wn〉 ⊂ G. 
An immediate consequence from Theorems 3 and 9 is the following result.
Corollary 10. If G is an h-convex domain with G ⊂ D then G is a quasidisk.
J. Arango, D. Mejía / J. Math. Anal. Appl. 366 (2010) 636–645 6434. Classiﬁcation of pinches
In an h-convex domain G the angle of the boundary at a point cannot be arbitrarily small unless ∂G approaches T,
the circle of h-inﬁnity. We make this statement more precise in the following proposition which will be used later in this
section. For 0 < r < 1, let Lr be the h-line through the point r which is symmetric about the real axis, and let Hr be
the h-half plane determined by Lr that does not contain the origin. Also, for 0 < θ < π/2 we deﬁne (θ) as the lens-
shaped domain in D symmetric about the real axis, bounded by the circular arcs with end points −1 and 1 which make an
angle 2θ .
Proposition 11. Let G be an h-convex domain in D normalized so that 0 ∈ G and 1 ∈ ∂G. Suppose that there exist r0 ∈ (0,1) and
θ ∈ (0,π/2) such that G ∩ Hr0 is contained in the lens-shaped domain (θ). Given 0 < ε < π2 − θ , there exists r0 < r < 1 such that
if a, b are points on ∂G ∩ Hr with Ima and Imb positive and c ∈ J (a,b), then the angle at c of the h-triangle acb is greater than
π/2− θ − ε.
Proof. (a) Let d0 and a0 be the points in the upper half-plane where ∂(θ) and ∂G meet respectively Lr0 . Let d be a point
on the upper arc C of ∂(θ) from d0 to 1. Name α(d) the angle at d of the h-triangle a0dd0. By HCL
cosα(d) = coshd(a0,d) coshd(d,d0) − coshd(a0,d0)
sinhd(a0,d) sinhd(d,d0)
which goes to 1 as d approaches the point 1 on C . Then
lim
d→1,d∈C
α(d) = 0
and therefore there exists r0 < r < 1 such that α(d) < ε for d ∈ C ∩ Hr . Now choose points a,b on ∂G ∩ Hr with Ima and
Imb positive, and c ∈ J (a,b). Since 0 ∈ G the h-convexity of G implies that J (a,b) ⊂ B(a,b,0) and it is clear that B(a,b,0)
is contained in Hr . The result will follow if we show that the angle γ at c of the h-triangle a0c1 is greater than π/2− θ −ε.
Indeed, by h-convexity the interior of the h-triangle a0c1 is contained in G , hence J (a,b) lies outside the interior of this
triangle and therefore the angle at c of the h-triangle acb is greater or equal than γ .
(b) Let d be the point where C meets the h-line through a0 and c. The point d lies inside Hr so α(d) < ε by part (a). In
order to show γ > π/2 − θ − ε it is suﬃcient to show that the angle δ at d of the h-triangle cd1 is greater or equal than
π/2− θ −ε. This is so because δ+ (π −γ ) < π . Notice that δ = β −α(d) where β is the angle at d of the h-triangle d0d1 so
it remains to show that β is greater or equal than π/2− θ . To show the inequality β  π/2− θ we prefer for convenience
to work on the upper half-plane model of the hyperbolic plane. In this model (θ) is the sector of angle 2θ with vertex
at the origin which is symmetric about the imaginary axis. For simplicity we keep the same notation as in the disk model.
The h-line through d0 and d is a semicircle with center at a point m on the real axis. The angle β equals the angle between
the real axis and the euclidean segment [d,m]. It is apparent that this angle is greater than π/2− θ . 
The proof of Theorem 9 suggests a way of classifying pinches in h-convex domains. We do this in this section.
Let G be an h-convex domain in D constricted at ζ ∈ T. Then ζ ∈ ∂G . Choose an arbitrary point w ∈ G . The h-line
through w and ζ meets ∂G \ {ζ } at a unique point ζ̂ and ∂G \ {ζ, ζ̂ } has exactly two components Aw and Bw . We say that
ζ is a regular pinch of G if in the deﬁnition of pinch given above, the points an and bn can be chosen such that an ∈ Aw ,
bn ∈ Bw . It is clear from the way the points an and bn approach ζ that this deﬁnition does not depend on the point w
chosen inside G . If ζ is not regular we say that it is an irregular pinch. Since all the concepts involved in these deﬁnitions
are invariant under conformal automorphisms of D we normalize G so that w = 0 ∈ G and ζ = 1. Under this normalization
the h-line through 0 and 1, the euclidean diameter L = (−1,1), divides ∂G \ L into two components A0 and B0. We will
call J+ the component above L and J− the component below L.
When the pinch at 1 is regular we can have Ln = L and rn = 1 for all n. This is the content of the following result.
Theorem 12. The point 1 is a regular pinch of G if and only if there exist sequences of points an ∈ J+ ∩ D, bn ∈ J− ∩ D, h-discs Dn
with h-center zn and h-radius 1 such that lim zn = 1, zn ∈ L ∩ Dn ⊂ G and
lim
n→∞d(an, zn) = limn→∞d(bn, zn) = 0.
Proof. Suppose that 1 is a regular pinch of G (the converse is clear). Let an , bn , Dn , zn , rn and Ln as in the deﬁnition
of regular pinch. Since an and bn are on different sides of L, then the h-segment 〈an,bn〉 meets L at a unique point wn .
Set n = Dh(wn,1). Since d(an,wn) and d(bn,wn) are both less than d(an,bn) then limd(an,wn) = limd(bn,wn) = 0. In
particular, lim |an − wn| = 0 and therefore, by triangle inequality, wn → 1 as n → ∞. From this it follows that limd(0,wn) =
∞ hence, for n large enough,
644 J. Arango, D. Mejía / J. Math. Anal. Appl. 366 (2010) 636–645L ∩ n ⊂ 〈0,wn〉 ∪ 〈wn,1〉 ⊂ G
where the last inclusion follows by h-convexity. 
Our next theorem shows that an h-convex domain with an irregular pinch cannot be locally contained at the pinch in a
Stolz angle. We use the notation Hr as in the beginning of this section.
Theorem 13. Let G be h-convex and constricted at 1 as above. Suppose that there exist r0 ∈ (0,1) and θ ∈ (0,π/2) such that G ∩ Hr0
is contained in the lens-shaped domain (θ). If G is constricted at 1 then 1 is a regular pinch of G.
The converse of this theorem is not true. More precisely, Example 2 shows that we can have domains regularly con-
stricted at a point but not locally contained in any Stolz angle at the point.
Proof. Suppose on the contrary that 1 is an irregular pinch. Then there exist an , bn , Dn , rn , zn , Ln as in the deﬁnition of
pinch with the additional property, without loss of generality, that an and bn lie on J+ ∩ D.
Fix any 0 < ε < π/2− θ . By Proposition 11, there exists r0 < r < 1 such that if a,b are points on J+ ∩ Hr and c ∈ J (a,b),
then the angle at c of the h-triangle acb is greater than π/2− θ − ε. For n suﬃciently large the points an and bn are in Hr .
Let wn be the point where Ln meets J (an,bn). Then the angle λn of the h-triangle anwnbn is greater than π/2 − θ − ε
which contradicts Proposition 1. 
5. Examples
In this section we illustrate with examples the different cases of constricted domains. For convenience these examples
are given in the upper half-plane model H of the hyperbolic plane.
Example 1. This example shows a standard irregular pinch. The domain G is constructed as follows. Let
Γ =
{
1
y2
+ iy: 0 < y < 1
}
, Γ ′ =
{
1
y
+ iy: 0 < y < 1
}
.
We consider arcs Cn as follows. C1 is the h-segment that starts at the origin, is tangent to Γ at a point a1 and ends at the
point b2 on Γ ′ . This segment also meets Γ ′ at b1. The arc C2 is the h-segment starting at b2, tangent to Γ at a2 and ends
at b3 on Γ ′ . The arc C3 is the h-segment starting at b3, tangent to Γ at a3 and ends at b4 on Γ ′ . We continue this process
indeﬁnitely. We deﬁne G as the domain containing the positive imaginary axis and with hyperbolic boundary
∂˜G =
⋃
n
Cn.
Let rn be the euclidean radius of the euclidean circle which contains Cn and write αn = Iman , βn = Imbn . Then all αn , βn
and rn approaches 0 as n tends to ∞. Since
1
α2n
− 1
βn
< 2rn
and for large n we have 2rn < 1 < 1/βn , then
sin θn = βn
rn
<
βn
αn
< 2αn
where θn is the angle at bn between Cn and the vertical line. Hence lim θn = 0. Also, if γn is the angle at bn between Cn−1
and the vertical line, then
sinγn+1 = βn+1
rn
<
βn
rn
which gives limγn = 0. Hence the angle θn + γn between Cn−1 and Cn has limit zero as n tends to inﬁnity. Therefore G is
not a quasidisk. Since obviously G is h-convex and it is not constricted at the origin, it follows by Theorems 3 and 9 that G
is irregularly constricted at ∞.
Example 2. This example shows that we can have domains in D regularly constricted but not locally contained in any Stolz
angle at the regular pinch (see Theorem 13).
For each n ∈ Z+ let Cn be the ray arg z = ϕn with 0 < ϕn < π2 and ϕn ↑ π/2. Select any h-line R1 starting at the origin
and ending at a point e1 on the positive real axis. The line R1 meets C1 at the point a1. Now select the unique h-line R2
starting at e1 tangent to C2 at the point a2 and ending at e2 ∈ R+ . Then, we select the unique h-line R3 starting at e2
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J− as the reﬂection of J+ about the imaginary axis, bn also as the reﬂection of an with respect to the imaginary axis and
let G be the h-domain bounded by J+ ∪ J− which contains the positive imaginary axis. Since [1, p. 162]
d(an,bn) = 2arctanh sin
(
π
2
− ϕn
)
and ϕn ↑ π/2 it follows that G has a regular pinch at ∞.
For each r > 1 let Hr be the h-half plane determined by the h-line through ir symmetric about the imaginary axis and
with i /∈ Hr . The construction shows that G ∩ Hr is not contained in any sector symmetric about the imaginary axis with
vertex at the origin and angle less than π .
Example 3. This example shows that we can have uncountably many regular pinches in an h-convex domain. It is suggested
by an example given by S. Rohde [4].
The domain G is constructed inductively as follows. Set pn = 2(n+2)! . First we make a Cantor type construction. Let
I01 = [−1,0] and I02 = [1,2]. From [0,1] we remove the central interval I11 of length 1 − 2p1. From the remaining two
intervals J11 , J
1
2 we remove the central intervals I
2
1, I
2
2 of length p1 − 2p2 leaving us 22 intervals J2m of length p2. Suppose
that for a positive integer k we already deﬁned the 2k−1 intervals Ikj of length pk−1 − 2pk leaving us 2k intervals J km of
length pk . From each one of these we remove the central interval of length pk − 2pk+1. We have removed 2k intervals Ik+1j
leaving us 2k+1 intervals J k+1m of length pk+1. This process is continued indeﬁnitely.
Next, for an interval [a,b] ⊂ R we denote D([a,b]) the open semi-disk with diameter [a,b] contained in H. Let G0 =
D([−1,2]) \ (D(I01) ∪ D(I02)) and deﬁne
G = G0 \
∞⋃
k=1
2k−1⋃
j=1
D
(
Ikj
)
.
Then G is an h-convex subdomain of H. Set
K = [0,1] \
∞⋃
k=1
2k−1⋃
j=1
int Ikj .
This Cantor-like set is uncountable. We will show that every point of K is a regular pinch of G .
Take x ∈ K . There is a sequence [0,1] ⊃ J1m1 ⊃ J2m2 ⊃ · · · with x ∈ Jnmn =: [sn, tn] for all n. Fix n. Then sn and tn are end
points of two of the Ikj intervals, say In , I
′
n . We may assume that I
′
n has the greatest value of k, say kn , and tn ∈ I ′n . The
tangent line from sn to D(I ′n) meets the boundary of this half-disk at a point an and makes an angle αn at sn with the
vertical line Ln . Also, the h-line through an with euclidean center sn meets ∂D(In) at a point bn . We see that
cosαn = pkn−1 − 2pkn
pkn−1
= 1− 2 pkn
pkn−1
,
which tends to 1 as n goes to ∞. In addition we note that the angle at sn between Ln and the euclidean line through sn
and bn is smaller than αn . The distance formula [1, p. 162] gives
d(an,bn) = d(an, Ln) + d(bn, Ln)
 2d(an, Ln) = 2arctanh sinαn.
Therefore limd(an,bn) = 0. We can now easily conclude from the deﬁnition that G has a regular pinch at x.
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